Introduction
Biomechanical researches have shown that some of the bones and joints of the human skeletal system are exposed to considerable strain. This is the result of daily activities in which the average person makes about 10,000 steps [17] . This may, with the influence of various illnesses or injuries, be a source of various degenerative changes in the hip joint elements (Fig. 1 ), which establish a connection between the upper part of the skeletal system and the femur.
When damage from a disease becomes severe, it is necessary to perform partial or complete (total) hip joint replacement. The success of the surgery to replace a natural hip joint with the artificial one depends, in addition to the patient related and surgical factors, on so called endoprosthesis factors, which include selection of the type of endoprosthesis and the extent of its adjustment to the patient.
From the design point of view, the primary goal of the endoprosthesis development is to reduce its impact on the success of the surgery. In the last 70 years, since 1938 when the total hip replacement surgery development started [2] , a whole range of types of prostheses was developed, which are divided according to their purpose (primary, revision and reconstructive) [7] , dimensions (usually there are about 10 models per type) [10] , and the way in which the femur is fixed (cement, cementless) [7] . The choice of such standardized endoprosthesis for a patient is made based on the type and complexity of the disease, age of the patient and the basic geometrical parameters of the femur. The main disadvantage of this method of endoprosthesis design is the small number of geometrical factors considered, while some important factors such as the degree of disease and patient ethnicity in general are not considered [10, 16] .
According to the current research [9, 11] , further development of total hip endoprosthesis can be achieved through the development of implants adjusted to the individual characteristics of the patient. In this way, it is possible to include a number of influential factors and achieve the optimum shape and size of the endoprosthesis. The basic prerequisite for this approach is the improvement of methodologies to determine the characteristic geometrical size of the femur [5, 3] and improvement of the endoprosthesis design process itself.
The endoprosthesis design phase, in which all influential factors are implemented in the computer model, can be realized by parameterization of endoprosthesis geometry elements and by defining the relationship between influencing factors and geometrical parameters. The particular geometry defined in this way is processed by using parametric modeling CAD software systems. For the purposes of complex modeling, two methods of defining the parametric model are used.
These are modeling by using of:
 discrete and  functionally dependent geometrical parameters.
Modeling by using discrete geometrical parameters is the process of modeling of the product geometry, which in the first phase includes the previous system analysis and decomposition of the model geometry of the endoprosthesis to simple geometrical shapes. In the second stage, the individual simple geometrical shapes and their mutual constraints are defined [8] . Integral parts of this model type are discrete parameters given in general numbers that describe geometrical shapes [7] .
Previous studies related to the hip endoprostheses design commonly used modeling employing discrete geometrical parameters principle. The main reasons for this were ease of use and the relatively small number of significant factors (mostly geometrical). On the other hand, the biggest disadvantage of parametric models (based on the parameterization process) is the rigid structure that prevents modifying the dependencies between parameters.
The second method, which uses functionally dependent modeling of geometrical parameters, is based on the functional description of mathematical model parameters. It uses mathematical laws that describe: interrelationships between geometrical parameters [14] , or spatial areas. For the definition of complex spatial models polynomial and rational Bezier curves 1 and similar functions are commonly used. This mathematical method of defining the parameters in the model is of a generalized form. This means that the actual endoprosthesis model describes the coordinates of the characteristic points and additional coefficients that have functional dependencies associated with the influential factors in the model. The relationship between the characteristic points and the parameters that define the model is achieved by analytical expressions that may not be contained in the model. Application of functionally dependent geometrical parameters has several advantages over discrete modeling based on geometrical parameters. This primarily includes a significantly more flexible form of the description of geometry, because the model defined is of general nature and can be used for designing different types of endoprostheses. In addition, such models have less geometrical elements that describe the endoprosthesis, which is important from the point of view of speed and accuracy of modeling. This paper describes the original general parametric model of endoprosthesis body developed by using the functional parametric modeling method which is the result of the previous analysis of geometry of the femur, surgical techniques and a number of existing structural solutions for bodies of the total hip endoprosthesis. Besides the functional dependencies that define geometrical elements of the endoprosthesis body, the specific constraints were additionally introduced in order to simplify the model. 1 Bezier surfaces were developed by Pier Bezier for the Renault car factory in early sixties [12] .
Materials and Methods
Design and manufacturing of the total hip endoprosthesis depends on several groups of influencing factors. The most important are: the type and degree of illness, the elements of the femur geometry and the characteristics of surgical techniques used in replacement of a natural with an artificial hip joint. Among them, the largest group consists of geometrical quantities describing the geometry of the femur and its location in the skeletal system, which is important to assure that the patient can walk correctly and smoothly after surgery.
From the design point of view, the endoprosthesis body (femoral stem), as the most complex element of the hip joint endoprosthesis, is a geometrical entity that globally has the same elements. This is the main motivation for the introduction of a unique geometrical form that describes the various forms of body endoprosthesis. This form, a general parametric model of the endoprosthesis body, is a series of interconnected mathematical laws that describe the geometry of the endoprosthesis through the implementation of all influencing factors.
The Geometry of the Femur
The femur is the longest and, according to its mechanical properties, the strongest bone in human body [10] . Its geometrical properties can be viewed through the position and shape of the exterior and / or interior surfaces. The most important elements of the upper half of the femur (important for the design of endoprosthesis) are (see Fig. 2 ) [16] : Head (1), Neck (2), Trochanter greater (3), Trochanter lesser (4), the body of the femur (corpus femoris) (5) and femoral (or medullary) channel (6) Figure 2 Femur geometry elements
In the anthropometry of the lower extremities of the human body, a group of geometrical values that are influential factors in the design of endoprosthesis [9] are used to describe the position and size of individual elements of the femur, as well as its position in the skeleton. Due to the position of the femur in the skeletal system, these values are described in characteristic anatomical planes: axial (Ap), coronal (Cp) and sagittal (Sp) (Fig. 3) . Among the geometrical values which determine the shape and dimensions of the internal geometry of the femur i.e. the medullary channel, the most commonly used are as follows ( The influential factors of the internal geometry of the femur
The above geometrical quantities determine the position that the endoprosthesis should have in the femur, the global dimensions of endoprosthesis individual body segments and their mutual relationship. As such, they make the basis for a detailed sizing of certain segments of the endoprosthesis.
In addition to the basic geometrical factors, usage of the diagnostic devices based on tomography methods of recording allows introduction of additional factors. They are consequence of the medullary channel shape and influence the process of surgical procedure. These are:
 Dimensions of the cross sections in several characteristic planes (or explicit mathematical expression ) (d MCAP , d MCLM on Fig. 6 ), [12]  Cement layer thickness (S on Fig. 6 ). The cross-section of the femur
Appearance and Endoprosthesis Body Elements
As a result of endoprosthesis body shape standardization, for many years, there are categories of hip joint endoprostheses that are grouped according to the type of disease and the fixation mode of the endoprosthesis into the femur. This approach is verified by the ISO 7206-1/2008 [7] , so that endoprostheses are categorized into following types:
 Primary, intended for installation in cases of femurs with osteoarthritis disease [6] ,  Revision, used for installation as a replacement for primary endoprostheses, [13]  Reconstruction, used for severe bone diseases
Regardless of the categorization, all types of hip endoprostheses have the same geometrical segments, defined by a series of surfaces. These segments have a specific purpose in the endoprosthesis. Fig. 7 shows the structures of the endoprosthesis body with distinctive segments. Geometrical segments of the femoral prosthesis body
As it can be seen in Fig. 7 , the body of the endoprosthesis has, considering the form and function, three segments:
 distal, which allows the positioning of endoprosthesis body in the medullary channel of the femur  mid, segment, which passes through the porous part of the bone and follows the anatomical parameters of the femur,  proximal, which contains an artificial femoral neck and the collar.
Each of these segments is described by one or more surfaces, the shape and dimensions of which depend on several influential factors.
Geometrical Factors Influencing the Total Hip Endoprosthesis
Reconstruction of the bone geometry, which is the basis for defining the geometrical factors required for the design of hip prostheses, involves the use of several pieces of topological information obtained mostly by using diagnostic devices. In addition to analog X-ray based devices, in medical diagnosis usually digital devices based on tomography methods of recording and computerized tomography (CT) or magnetic resonance imaging (MRI) are used. These digital devices deliver a series of images of diseased limbs cross sections at appropriate planes.
By mathematical processing of digital information represented with the diagnostic image, their conversion is done to the form which allows the formation of CAD models of the femur [18] . These models can be in the form of point clouds or complex volumes obtained by voxelization (replacing pixels as the basic element of the image with voxels) [20] .
The basic advantage of reconstruction of the femur on the basis of tomography images is the possibility for precise determination of a large number of characteristic points of the external geometry of the medullary channel of the femur. Geometrical factors influencing the femur, defined on the basis of this information, are used in the design of one or more segments of the endoprosthesis.
The distal segment of the endoprosthesis body is the geometrical form which depends on the shape and dimensions of the medullary channel of the femur. For definition of this segment the following parameters are used: The proximal segment consists of four parts: a body, collar, neck and cone upon which the artificial femoral head is placed. The dimensions and shape of the first two parts are mostly determined for the family of endoprostheses, based on structural and exploitation conditions defined by the manufacturers. The neck and artificial femoral head should ensure proper placement of the body in conjunction with the remaining elements of the endoprosthesis and provide the proper movement of the patient after the hip replacement surgery. The most important geometrical dimensions of the elements that determine these segments are: the position of the femoral head, the distance of the femoral head from the axis, the angle of the femoral neck.
Analysis of hip joint diseases treated by THR method and geometrical parameters necessary to define the existing types of prostheses [7] indicate that the number of influential factors resulting from the femur geometry varies.
Application of Rational Bezier Curves in Modeling of the Endoprosthesis Body
In computer technology there is a number of mathematical methods that are used to describe complex surfaces. Among them, an important role is played by the rational Bezier curves (Equation 2) belonging to the family of curve surfaces based on the generalized description of the parameter defined polynomial curves.
The elements of the equations of these curves are:  Control points (P i ) which determine the degree of the polynomial and bounds propagation curves  Elements of the Berstein polynomial B i (t), described by equation 3 and
 Weighting factors w i regulating the convergence degree of the curve to control points. Fig. 8 shows the impact of changing weighting factor w2 to the shape of the curve around that point. Figure 8 The influence of the weighting factor w 2 to the shape of the rational Bezier curve
Primary advantages of the application of rational Bezier curves in defining the geometry of the computer model are: the ability to correct the curve by using the weighting factor and the possibility of forming an explicit mathematical expression for the curve of a known degree.
By using the same procedure, in addition to spatial curves, we are introducing the concept of rational Bezier surfaces (or the tensor defined surfaces) determined by specific control points (Pi and Pj), by Berstein polynomials Bi (t) and Bj 
Application of Bezier surfaces allows definition of surface models of objects of arbitrary complexity.
General Parametric Model of the Endoprosthesis Body
The general parametric model of the endoprosthesis body is a structure composed of geometrical elements described by functional and discrete parametric models. The main characteristic of the general model is the ability to implement all mentioned influential factors that are necessary for the description of the endoprosthesis body and a possibility to add the new ones. In this specific case, the model is based on the two parts that have a different role in the endoprosthesis. These are:
 the femoral part that contains the distal and mid segment of the endoprosthesis is defined by rational Bezier function and  the proximal part that consists of the proximal segment is defined by the three, relatively simple, geometrical shapes.
The femoral part includes segments of the endoprosthesis body (the distal and mid segment) that are located within the femur after the installation. It is specified by a number of parameters, resulting from the geometry of the femur, and a series of exploitation demands arising from the operational method used and the need for increased stiffness of the femur and endoprosthesis body assembly [1, 4] (Fig. 9 ).
Figure 9 Femoral part of endoprosthesis body
Bezier surface describing the femoral part of endoprosthesis body is formed by combining the two planar Bezier functions in the characteristic planes of the femur (the axial and coronal plane).
In the axial plane, in which the cross-section of the endoprosthesis body is defined, the complexity of the medullary channel and the number of significant factors that are taken into account, are the reason why the curve is determined by Bezier planar function of the tenth degree. Due to better control of the parameters that determine the control points, the curve sections are arranged in the schematic diagram shown in Fig. 10 , where they are defined by the distance from the horizontal and vertical axes. This description of the cross-section provides definition of endoprostheses with the symmetric as well as with the asymmetric cross-section. Figure 10 Schematic layout of control points of the endoprosthesis body cross-section
As it is shown on the previous figure, some points are mutually interrelated with the constraints in values of coordinates. This was introduced in order to reduce the degree of uncertainty of the system of equations which determine the parameters of Bezier surfaces, bearing in mind that they are defined on the basis of the influential factors on the body of the endoprosthesis.
The implementation of these points in the curve equation a function of the endoprosthesis cross-section is obtained expressed by a Bezier curve [12] . 
 
As noted above, for defining the geometry of the endoprosthesis body in coronal plane along the distal segment, the two characteristic points are necessary (the midpoint of the medullary channel at the narrowest part and 20 mm below the lesser trochanter). Additionally, the mid segment is determined with the three points (the midpoint of medullary channel 20 mm below the lesser trochanter, 20 mm above it and in the plane in which the femoral neck is surgically removed).
On the basis of this, it was concluded that the generators of the endoprosthesis can be described by four characteristic points (the plane 20 mm below the lesser trochanter is a place where the distal and middle segments are connecting), so the Bezier curve in the coronal plane can be expressed as follows: Fig. 11 shows an example of the femoral endoprosthesis described by the abovementioned equations. Figure 11 The example of the mathematical description of the femoral part
The proximal segment of the endoprosthesis body is structurally simpler segment of the endoprosthesis body. It contains a series of standardized elements which provide reliance of the endoprosthesis on the femur, and provide the proper formation of the artificial hip joint. These are (Fig. 12):  the body of proximal segment (T ps ) whose geometry depends on the type of endoprosthesis,  the artificial femoral neck (N ps ), which is usually in the form of cone and  the tapered connection element between the body and endoprosthesis artificial femoral head (usually a cone with slope 1:10 or Morse taper (T ps )).
Figure 12
The proximal segment of the endoprosthesis
Because of the simple geometry and a small number of influential factors that determine it, this segment is in the general parametric model implemented as a whole, described by geometrical shapes based on discrete parameters. Fig. 13 shows the final model of the endoprosthesis body obtained by applying a general parametric model. The hip joint endoprosthesis body
Results
In order to verify the general parametric model of the hip endoprosthesis body, a geometrical modeling for different types of endoprostheses that are in clinical use was done.
As the first phase, a verification of the segment of the general parametric model, used to define the geometry of the intersection of the endoprosthesis was carried out. This was realized by defining several characteristic cross-sections that are used for the body of the endoprosthesis. Fig. 14 shows the cross-sections of the most commonly used types of hip joint endoprosthesis body [15] . Figure 14 Cross-sections of different endoprosthesis body types [15] The research [15] has indicated that, from those shown, the most common crosssections used in practice include: circular (especially in tumors and total prostheses), trapezoidal and combined shape.
Based on the analysis of the frequency of their application, the four endoprosthesis profiles were chosen: round, rectangular, trapezoidal, and combined ("mushroom like"), and curves were defined for them based on real dimensions of the crosssection of the femur. Fig. 15 a, b, c and d shows the cross-sections of the endoprosthesis body described by Bezier functions. Figure 15 Mathematical interpretation of the endoprosthesis body cross-section Table 1 shows the list of matrices containing the coordinates of control points for real dimensions of the analyzed sections. To reproduce these curves it is important to note that here the weighting factor 1 (one) was used for each characteristic point. By increasing the weighting factors the profile can be adjusted to the control points.
In the second stage of verification, the endoprosthesis body modeling for the three types of clinically tested, and for several years exploited, endoprostheses was done. These are: For verification purposes, and the further studies, the general parametric model is implemented in a software system CATIA. Modeling was realized in two phases where the spatial surfaces of the femoral part were formed, which, after conversion into a volume, were integrated with the proximal segment of the endoprosthesis. Fig. 16 shows a model of the femoral endoprosthesis BB2 defined by Bezier curve surfaces in Wolfram Mathematica software system (Fig. 16a) , the same model defined in CATIA software system with the additional ribs (Fig. 16b) , as well as photo of the body of endoprosthesis to which an element in the form of ribs was added to increase rigidity (Fig. 16c) . The second type of endoprosthesis which was modeled is geometrically more complex and belongs to the group of so-called anatomical endoprostheses containing anteversion. From this point of view this type of endoprosthesis is more complex for modeling. Fig. 17 presents a model of the femoral endoprosthesis BB3 defined by Bezier curve surfaces in Wolfram Mathematica software system (Fig. 17a) , its interpretation in the CATIA software system (17b) and a photo of the endoprosthesis (17c). Finally, the last type of endoprosthesis which was modeled was a total endoprosthesis of the hip joint, which is used to treat tumors (sarcomas) [19] . This type of endoprosthesis is geometrically the simplest because it consists of mostly conical elements. This means that the femoral part is defined as a cone that is smaller in length than other types of prostheses, since the surgery removes most of the femur. Fig. 18 presents the femoral part, as described in the Mathematica software system (18a) and CATIA (18b) and a corresponding photo (18c).
a) b ) c) Figure 18 Mathematical and CAD model and a photograph of the femoral part of tumor endoprosthesis BB3
Discussion
The research results presented in this paper can be observed from the two perspectives: the analysis of the applicability of the general parametric model of the endoprosthesis body, and through the results of verification.
Based on the description and interpretation of the structure of the general parametric model (especially based on the Fig. 15 ), it can be concluded that the presented model can be applied only in the design of prostheses which is symmetric with one of the axes in the cross section plane. This is a consequence of the aim to minimize the number of variables that occur in the design of endoprostheses. On the other hand, the analysis of current endoprostheses solutions suggests that in clinical practice endoprostheses with the asymmetrical cross section are not used. In this way, a mathematical interpretation of the endoprosthesis body model is obtained so that approximately the same number of geometrical parameters (point coordinates) is used as in the case of models with discretely defined parameters. The basic advantage of this model is significantly increased flexibility, which is reflected in the possibility to adapt the shape of the endoprosthesis to the medullary channel of the femur, as well as introduction of one generic model for all standardized forms of endoprosthesis body.
Verification presented in this paper was carried out to confirm the ability of the general geometrical model to conform to the shape and profile of the existing forms of enodprostheses. Since the aim of introducing a general model of the design of this product is to promote the development of custom-made prostheses that can be adjusted to the specific femur, a more detailed verification with approximation of errors of described shapes is not applicable here. Further improvement of the general model should include an analysis of the possibilities to approximate forms of medullary channel while taking into consideration other influential factors.
Conclusions
Designing the hip joint endoprostheses has, for many years, been one of the interesting areas of scientific research activities, due to the large number of influencing factors and complex geometry.
Available results indicate that there are two directions of endoprosthesis design improvement. The first direction is related to a research aimed at improving the characteristics of the endoprosthesis by introducing new influential factors obtained by simulation of the behavior of the endoprosthesis body as a result of FEA analysis, experiments and clinical monitoring of recovery process in patients. The second direction is related to the research targeted at improving the design process to allow creation of the endoprosthesis with measures adjusted to a specific patient, over a short period of time and at a reasonable price. From the engineering point of view these two contradictory demands can be met by increasing the flexibility of computer models and with their structural simplification, based on which the development of CAD systems with the partial automation of the design process becomes possible.
This paper describes the structure of an original general parametric model of the hip endoprosthesis body, adapted to the observed endoprosthesis improvement directions. The main advantages of general parametric model usage are the increased flexibility of the model as well as the model structure that allows calculation of the geometrical parameters independently of the CAD program used to realize the modeling. In this way, a basis for a fully efficient practical automation of some phases of the endoprosthesis design process is created.
